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1. THE FELBECKER-SCHEMPP THEOREM 
In [2] Felbecker and Schempp obtain a generalization of the following 
Bohman-Korovkin result. 
THEOREM. Let {LJnZ1 be a sequence of positive linear maps of C[O, l] (all 
continuous real-valuedfunctions on [0, I]) into CIO, 11. If 
i+i 11 L,(x”) - xi /I = 0 for i = 0, 1, 2, 
then 
i-5 II L(f 1 - f II = 0 for anf 
in CIO, l] where 11 II denotes the uniform norm. 
The theorem they obtain is stated in the setting of the space of probability 
measures on a compact Hausdorff space. Using the fact that a Bauer simplex 
(that is, a Choquet simplex whose set of extreme points is closed) can be 
characterized up to an affine homeomorphism as the space of probability 
measures (equipped with the weak*-topology) on a compact Hausdorff 
space [l] it is readily seen that Felbecker and Schempp’s generalization of the 
Bohman-Korovkin theorem [2, Theorem 21 can be reformulated as follows. 
THEOREM. Let K be a compact convex subset of a locally convex Hausdorfl 
space and suppose K is a Bauer simplex. Let {L,),>l be a sequence of positive 
linear maps of C(K) into C(K). If lim,,, (1 L,( f i) - f i )/ for each continuous 
afine function f on K and for i = 1,2, then lim,,, ]I L,(F) - F 1) = 0 for 
every F in C(K). 
The purpose of this note is to indicate that the proof given in [2, pp. 67,681 
can be applied to obtain the following very general result. 
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THEOREM I. Let X be a compact Hausdorff space and 9 a subset of C(X) 
such that F separates the points of X. If {L,}nal is a sequence of positive linear 
maps of C(X) into C(X) satisfying lim,,, /I L,( fi) - f i 11 = 0 for each f in F 
and for i = 0, 1, 2, then lim,,, jl L,(F) - F /( = 0 for every F in C(X). 
Proof. Without loss of generality we may assume A$ C F for all h > 0. 
For each f E F let df denote the pseudo-metric on X defined by: 
d&Y) = If@> -f(Y>l for all x, y E X. 
Let Us denote the uniform structure on X generated by the family {d,},,,- 
of pseudo-metrics. Since S separates points and X is compact, the topology 
induced by U, (which is just the weak topology determined by F) coincides 
with the given topology on X. Consequently, U, coincides with the natural 
uniformity on X since X admits a unique uniform structure. Each F in C(X) 
is then uniformly continuous with respect to the uniformity U, . 
The remainder of the proof is exactly as on page 68 in [2] with fj = h taken 
to be functions in F. The fact that /\g C 9 for all h > 0 assures that for 
each x in X all sets of the form 
where fi ,...,fn are in F, give a neighborhood base at x. 
Remark. Theorem 1 for the case when 5 is finite was obtained by G. Freud 
in uber positive linear Approximationsfolgen von stetigen reelen functionen 
auf kompakten Mengen, On Approximation Theory (Proceedings of the 
Conference in Oberwolfach, 1963), pp. 233-238, Birkhaiiser, Base1 1964, 
MR 31#6088. (The author is grateful to G. G. Lorentz for this reference.) 
2. BERNSTEIN-SCHNABL FUNCTIONS ON COMPACT CONVEX SETS 
Let K be a compact convex subset of a locally convex Hausdorff space and 
A(K) the space of real-valued continuous affine functions on K. If x E K, then 
a representing measure for x on K is a probability measure pZ on K such that 
jf dpz = f (x) for every f in A(K) (that is, the barycenter of pLo is x). If E 
is a closed subset of K that contains e?(K) (the extreme points of K), then 
Mf denotes the set of representing measures for x that are supported by E 
(Mf is nonempty for each x in K, e.g., see [l]). 
Let P = {PnJn~l,+l be a lower triangular stochastic matrix i.e., an infinite 
real matrix satisfying: pnj > 0 for all n >, 1 and j > 1, pnj = 0 whenever 
i > n, and Cni pnj = 1 for all n > 1. We recall another characterization of a 
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Bauer simplex. Namely, a compact convex set K is a Bauer simplex if and 
only if for each x in K there is a unique measure in iVZ$= (b(K) is then a 
closed subset of K) [l]. Let K be a Bauer simplex and F E C(K). It is easily 
verified that the definition of the n-th Bernstein-Schnabl function of F with 
respect to the matrix P given in [2, p. 661 can then be reformulated as follows: 
B,,,(F) (4 = s,F ~cP@‘? for each x in K, 
where V, is the unique representing measure for x that is supported by 
6(K), r,,p: VV -+ K is defined by 
TT,,P(X1 9*.*, x78) = 1 PM xj 
j>l 
@ denotes tensor product and T~,~(v?~) is the induced measure on K (cf. [2, 
P* 661). 
The above remarks suggest the following definition of Bernstein-Schnabl 
functions on arbitrary compact convex sets. 
DEFINITION. Let K be a compact convex subset of a locally convex 
Hausdorff space, E a closed subset of K that contains d(K) and 
@E = h&K a selection of representing measures supported by E (that is, 
pr E ME for each x in K). If FE C(K), then the n-th Bernstein-Schnabl 
function of F with respect to the matrix P and the selection f?le is given by: 
for each x in K, 
where T,,~: Es + K is defined as above and p-L2 E eE . 
Remarks. Since the support of a tensor product of measures is the product 
of the supports, E can always be taken to be K without changing BFp(F). 
We use the notation %YE only to emphasize that one can choose representing 
measures supported by E. We note that if K is a Choquet simplex, then 
+dEK 3 where vz is the unique maximal representing measure for x on K, can 
be taken as a selection of representing measures supported by 6(K) (see e.g., 
[31)* 
The proof of Theorem 3 in [2] and Theorem 1 above give then the following 
general result. 
THEOREM 2. Let K be a compact convex subset of a locally convex Hausdorf 
space and 4, a selection of representing measures supported by E where E is a 
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closed subset of K that contains b(K). Let P = {pni}n~l,j~l be an infinite lower 
triangular stochastic matrix that satisfies 
Then 
ii II B2p(F) - F II = 0 for each F in C(K). 
Proof. One verifies exactly as on page 69 in [2] that Bz,‘$( fi) = f i for 
each f in A(K) and i = 0, 1, and that 
for eachf in A(K) (throughout the argument take$ = f an element in A(K)). 
The use of continuous affine functions and representing measures assures 
that the arguments remain valid. Since A(K) separates the points of K, 
Theorem 1 finishes the proof. 
Added in proof. Theorem 1 was obtained independently by H. Bauer (private 
communication) as well as by W. Schempp in “A note on Korovkin test families,” 
Arch. M&h. 23 (1972), 521-524. In a paper to appear in the Ann. Inst. Fourier, entitled 
“Theorems of Korovkin type for adapted spaces,” Batter subsequently obtained more 
using potential theory methods. 
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